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Threshold activation of intravascular fibrin
polymerization and gel formation under intensive
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1 Introduction

It 1s commonly accepted that platelets as well as serine proteases participating in bio-
chemical reactions of fibrin production play an essential role in the development of intravas-
cular blood coagulation [1-3]. At the same time, in the initiation of intravascular blood
coagulation an important role belongs to the condition of vessel walls (including their im-
pairment by ulcers or sclerosis and the state of endothelium) [4-9].

According to current scientific views, the initiation of the intravascular coagulation
processes may occur either as a result of the disruption of vessel wall barrier properties
[5, 10, 11], or due to the activation of platelets in the shear flows (mainly near the vessel
wall) where the shear rate exceeds ~ 5400 s~ ! [12-14].

Within the scope of this work, we focus only on the situations of blood flow in which
shear rate does not exceed ~ 10° s~!. Therefore, hydrodynamical activation of platelets will
not be taken into consideration in this research.

Main attention will be paid to intravascular coagulation initiated by procoagulants that
infiltrate into the blood flow when endothelium barrier properties are diminished due to the
intensification of wall shear stress [15-18].

Within the approach suggested, the permeability of endothelium layer will be assumed to
depend on the wall shear stress in a threshold manner. The highest stresses in blood vessels
normally occur in the areas of greater stenosis narrowing, which appear, for instance, due to
the local formation of atherosclerotic plaques. This is precisely the reason why the starting
centers of above-threshold stimulation of thrombus formation are usually associated with the
location of atherosclerotic plaques in the vessels [15-18].

The role of pro-coagulant factors that enter blood flow from atherosclerotic plaques is
mostly performed by the products of inflammatory processes that take place in the plaques
[19, 20]. Regardless of procoagulant’s biochemical nature, we consider all substances of
that type as pro-coagulants in cases when they can serve as primary activators of blood
coagulation [21, 22].

The threshold activation of the blood coagulation system (BCS) cascade of reactions
manifests itself by means of a self-accelerated production in the blood flow of a range of
key biochemical agents — serine proteinases (factors Ila (thrombin), Xa, VIlla, Va etc.),
among which the central role is played by thrombin. In this work, thrombin generation and
its distribution in the vessel was taken into consideration within scope of phenomenological
model [21-25]. The biological significance of thrombin is dealt with its catalytic ability to
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convert fibrinogen molecules (present in the blood in inactive form) into fibrin-monomers
capable of fast precipitous polymerization.

The formation of a fibrin polymer network in the blood flow can change the flow pattern
even up to complete stoppage of blood flow.

The main aim of this work was to develop a description of the mass transfer processes
involving the formation of fibrin thrombi in vessels having variable crosssection of the lu-
men. The study of the revelant problems within the framework of the suggested approach
allowed us to reveal several typical scenarios of intravascular clot formation, as well as to
build parametrical diagrams of the blood liquid state stability in intense flows.

The results obtained probably have some value in the discussion of indications for stent-
ing procedures practically used for the vessel remodeling in patients.

2 Model description
2.1 Geometry

Blood vessel with stenosis (atherosclerotic plaque) on its lower wall was considered in a
two-dimensional approximation (see fig. 1). Vessel walls were supposed to be rigid.
The form of stenosed vessel wall was approximated by formula:

2

f(x) =Ly(1—s)e 22, (1
where L, denotes vessel width, H denotes vessel minimal width, s = (H/L,) € (0;1) reflects
relative size of minimal lumen, and d corresponds to stenosis width (see fig. 1).

o _)I'N!!
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l

Figure 1: Vessel’s fragment geometry. L., L, and H correspond to vessel length, width and minimal
vessel width. I'; and I"_ refer to upper and lower vessel walls respectively. I';, and I, denote inlet
and outlet boundaries respectively.

2.2 Governing equations

Blood was supposed to be a Newtonian fluid with viscosity v and density p. Hemody-
namics was described by means of modified Navier-Stokes equations:

aV - = —
v V) V
o
(v.7) =0 3)
where ¢ denotes time, V is well-known Hamilton’s operator, ¢,(M;,M,) describes filtration

resistance of fibrin polymer network (in case it is formed), M| and M, refer to statistical
moments of fibrin polydisperse system (see below)'.

1-
——Vp+vV2V o, (M1, Mp) vV (2)

'The polymer structure formed was considered as a porous media with a specific (non-constant) Darcy
coefficient. The value of Darcy coefficient depended on the state of polydisperse macromolecule fibrin system.
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The kinetics of blood coagulation reactions was described in the framework of the phe-
nomenological model [21-24]:

% — —ku—V- (V/u—Duvu) 4)
‘Z_f:kuH%—xle—ye(p—v-(Ve-mve) (5)
%—‘f:ﬁe(l—%) (1+(%)2>—m<p—v-(‘7<p—D¢pr> (6)
% = —keFo0 — &, (Fy—F)) — V- (VFg —DgVFg) (7
% = kyFo 0 — kM) — V- <bp\7M1 —DfVMl) (8)
% = kgFy + 4k, (My + My )2 — % <AML% —Ml) kMo =V (b, VMo~ DM, (9)

where u denotes the concentration of the primary activator of blood coagulation, 6 and ¢
denote concentrations of the activator (thrombin) and the inhibitor of biochemical network
of blood coagulation reactions (see [26, 27] and [21]), F corresponds to fibrinogen (fibrin
precursor) concentration. M and M, are first and second fibrin moments that are defined
through the concentration of k-meres of fibrin Fy as [21]:

M,=Y K'F, n=1,2. (10)
k=1
It is well-known that M, reflects the total amount of fibrin-monomer molecules in all
polymerized and unpolymerized forms in the considered element of volume, while the ra-
tio M /M, determines weight-averaged molecular weight [28, 29] M,, of fibrin polymer
molecules in the system considered [30]:

M, =) mok-wi =mo—, 11
W k;l ok - wi 0, (11)

Y mEy,

m=1

sponds to the weight fraction of k-meres in the system. The weight-averaged number of
fibrin-monomers in polymer molecules of fibrin N,, could be expressed as:

where m( denotes the molecular weight of fibrin-monomer and wy = kFi / < w ) corre-

Ny = M _ M
mo M

We assumed that with the increase in the polymer chains length they will become less
and less transportable by the flow. To take into account this circumstance, a special term b,
has been introduced into equations (8)-(9) as a coefficient of polymer chains transport by the
flow (see [23-25] for details).

We believe that the system equations (2)-(9) can correctly describe the early stages of
intravascular coagulation processes, that is, the situations in which the loss of stability of
the blood liquid state triggers the bulk chain processes of generation of fibrin-monomer
molecules followed by their polymerization. The dynamics of fibrin-polymer microemboli
formation has several stages [31, 32]. The early stage, nucleation, is followed by the stage

(12)
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of emboli growth up to the size comparable to the mean distance between them. Next comes
the stage when neighbouring fibrin-polymer clots start to overlap, that is, an essential inter-
action between them is established. During later stages, the system evolution results in gel
formation in the vessel under consideration.

In this work, it will be assumed that during all the listed stages of coagulation the blood
density undergoes no changes. Unlike the density, the kinetic coefficients v, ,, Dy and b,
undergo an essential change during the stage-to-stage transition. It was assumed that during
the fibrin-polymer clots nucleation the value of blood viscosity Vv is equal to the initial value,
the filtration resistance o, is taken to be negligibly small, and the coefficient of polymer
chains transport by the flow b, and the diffusion coefficient D are adequately represented
by the expressions:

b, =1 (13)
Dy =D/N, (14)

where D is the fibrin-monomer diffusion coefficient.

When the growing polymer clusters begin to mutually overlap, the process is commonly
termed as the formation of a semi-diluted polymer solution [33, 34]. The following inequa-
tion serves as a criterion of a semi-diluted polymer solution formation:

N,, > N;, (15)

where N}, is the weight-averaged number of fibrin monomer molecules in polymer coils at
the appearance of semi-diluted conditions.

Fulfillment of these conditions actually implies that functional dependences of the listed
coefficients v, a,, Dy and b, on statistical moments M; and M, begin to change.

In the present work, the description of the dependences of the kinetic coefficient s on
the moments of the distribution of a fibrin moleculae polydispersional system employed
asymptotic expressions that in the limitary cases turn into well-known in polymer physics
expressions. The actual form of the respective dependences is given below (see [23-25] for
details):

o = knumNZMFK21 - (1 — b)) (16)
1 1

Di=D-—— 17

T Ny 14NN, a7
1

ho— - 18

P14 Ny/N, (18)

where N,, is the Avogadro number, k,,,, = 10~2* mole? / (nM? - cm®) is the coefficient for the
conversion of length dimensions.

The work mainly focused on the early stages of fibrin gel formation in the blood flow.
Therefore it was assumed that when the mean length of polymer chains N,, exceeds the
characteristic value of the half-dilution condition N;, by two or more orders (N,, = 102 -N),
a sufficiently “mature” gel is formed, and the research of its further evolution remains outside
the scope of this work’s objectives?

2Tt should be noted that adopting of this assumption lets to avoid us analysis of the singular solutions of
equations, describing the dynamics of statistical moments M| and M>, i.e. the situations when M, blows up
[35].
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2.3 Boundary and initial conditions

Poiseuille’s conditions were applied at the left boundary of the considered area I';,;:

4V,
Vilr,, = 2 y(Ly ) (19)
Y

Vi, =0 (20)

Pressure on the outlet boundary was assumed to be equal to zero:

Plro, =0 @D

The no-slip conditions were satisfied at the boundaries I'; and I'_.

The values of u, 6, ¢, My and M, on I';, were supposed to be equal to zero, while F,
concentration on I';, was assumed to be equal to initial fibrinogen concentration Fgo. On the
vessel outlet I',,; the zero-gradient conditions were used for all chemicals.

Vessel walls were supposed to be impermeable for all chemicals but the primary activator.
This means that for 6, @, Fy, M| and M, the zero-gradient boundary conditions were set on
I'; and I'_. The upper (non-stenosed) vessel was supposed to be impermeable for u. To
describe the process of primary activator infiltration into the blood flow through the lower
(stenosed) vessel wall the following boundary condition was used for # on I'_:

_pou
an

= u(|%n!) (uo —ulr_) (22)
|

where operator a% denotes the space derivative normal to I'_, ug denotes primary activa-
r

tor concentration under the vessel wall, and u|r_ corresponds to the concentration of primary
activator in the blood flow near the lower vessel wall (I'_).

Table 1: Parameter values

Parameter Value Refs. Parameter Value Refs.
o 3.33-107 257! [21, 22] kp 1.67-103 s~ 1 [21,22]
0o 5nM [21, 22] no 1010 cm—3 [36]
X 8.33-107% 57! [21,22] F 9-10°nM  [21,22]
y 8.33-1072 (nM-s)~!  [21,22] D, 3-107 7 em? /s [21,22]
B 25107 57! [21, 22] Dy 3-107" em?/s  [21,22]
c 5nM [21, 22] Dy 3-107 7 em? /s [21,22]
& 1.66-1076 571 [21, 22] D, 3-10 7 em? /s [21,22]
@0 0.05 nM [21, 22] D 3-1077 em?/s  [21,22]
e 0.35 nM [21, 22] kg 1.66-1076 s~ [21,22]
kg 5-107% (nM-s5)~! [21, 22] ky 1.66-10' s~ [21,22]
kp 251074 (nM-s)~!  [21,22] k, 1.67-1072s71 [21,22]
N 10 dyn/cm? [15, 16, 18] L 2-1072cm/s  [23,24]
7 20 dyn/cm? [15, 16, 18] uo 100 nM [23, 24]
% 5-1072 cm? /s [36] ) 1g/cm’ [36]
L, 7.5cm L, lcm
K 10 [37] Iy 1.5-10°%cm  [37, 38]
N, 6.02-10% mol !
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The permeability pt of the lower vessel wall I'_ depended on wall shear stress ¥, in a
piecewise-linear manner:

i, Ysn| <

u= M—_%(NZ—H1)+HIa N <l|vl <p, (23)
Y—n
U, Ysn| > 12

where ) denotes the permeability of vessel wall for sub-threshold wall shear stress values,
and U, corresponds to the permeability for over-threshold ones.

At the initial moment ¢ = 0 all variables but F, were assumed to be equal to zero in the
interior part of calculation domain while F, was assumed to be equal to Fgo. The V and p
fields were assumed to be equal to their stationary values in the given boundary conditions
(i.e. stationary flow).

The values of all parameters used in numerical calculations are presented in the Table 1
(see [23, 24)).

3 Results

3.1 Early stages of thrombi formation processes. Typical scenarios

Numerical simulation of the model described above opened the possibility to calculate
spatio-temporal distribution of My, M3, N,,,, etc?. in the vessel. Some scenarios are shown in
figures 2, 3 and 4. The gray color scale at these figures represents weight-average number
of fibrin monomers in polymer chains N,, (see eqn. (12)). The maximum of the scale (white
color) is N}, (see eqn. (15))*. This means that white color represents clots while grey shades
represent microthrombi with different lengths of polymer chains.

There is a recirculation zone behind the atherosclerotic plaque in all investigated scenar-
ios (see figures 2, 3 and 4). In the present work only the thrombus formation events taking
place in recirculation zone were investigated. Within the scope of the presented approach we
found 3 typical scenarios of thrombus formation events. In scenarios 1 and 2, a solid massive
thrombus is formed as the result of blood coagulation system activation (see figures 2d and
3d). In contrast, the result of the activation of coagulation system in scenario 3 is a floating
friable structure without a sharp border (see fig. 4c). It can be seen from fig. 4c, the floating
structure has a long “tail” of mircothrombi clouds downstream.

Numerical simulations have shown that in all scenarios early stages of coagulation pro-
cesses development are the same. The nucleation of a macroscopic thrombus always happens
in the region of reattachment point (see figures 2a, 3a and 4a). Then the stage of macroscopic
fibre-like structure formation comes (see figures 2b, 3b and 4b). The direction of the growth
of the fibre-like structure is determined by the separatrix line, which divides the core of the
flow from the recirculation zone.

After that, there are three possible types of system behavior depending on the parameter
values:

* fibre structure successively thickens (see fig. 2c) and a solid thrombus is formed in the
recirculation zone (see fig. 2d);

* after some time of fibre structure growth the gelation front splitting happens (see
fig. 3c) and solid thrombus in the recirculation zone is formed (see fig. 3d) as a re-
sult of a two-side clot growth;

3Numerical methods, used in analysis of presented model are described in [23-25].
“Note that N,, can be greater than N&.
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 formation of a floating friable structure takes place (see fig. 4c).

3.2 Threshold-like activation of thrombus formation process

Numerical simulations not only revealed the typical patterns of blood clot formation, but
also allowed us to build parametric diagrams of blood liquid state stability. Using our mathe-
matical model we investigated the influence of blood flow rate, vessel wall permeability and
the shape of atherosclerotic plaque on threshold activation of blood coagulation processes.

Blood flow rate is characterized by a dimensionless parameter — Reynolds number:

Re = Yoby (24)

Figure 2: Scenario 1, solid thrombus formation through 1-side gelation front. Gray-scale map of N,,
distribution in the vessel, white areas are places of fibrin gel formation (V,, > NV’SOI). a-d are successive
stages of the process: a — thrombus nucleation, b — formation of fibre-like fibrin structure, ¢ —
fibre-like structure thickening, d — solid thrombus. Re = 130, s = 0.5, d=0.5, i =9.5.
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Time, s
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Figure 3: Scenario 2, solid thrombus formation through 2-side gelation front. Gray-scale map of
N,, distribution in the vessel, white areas are the places of fibrin gel formation (N,, > vaml). a-d
are successive stages of the process: a — thrombus nucleation, b — formation of fibre-like fibrin
structure, c — two-side gelation front, d — solid thrombus. Re = 130, s = 0.5, d=0.5, fr = 95.

Vessel wall permeability may be characterized by dimensionless maximal vessel wall
permeability:
ku
Ly(o—x1)*60
The parametric diagram of blood coagulation system regimes is presented in fig. 5. Para-
metric plane (Re, fl) is divided in two main zones denoted as “I” and “II”. When the repre-

flo = oo (25)

sentative point is located in zone “I” the system evolves to stationary state with N,, < Nf;oz.
This means that only formation of micro-thrombi (see [22]) takes place in the system. When
the representative point is located in zone “II”’ N,, reaches and exceeds Nf;oz at some moment
of time, that means that fibrin gelation, i.e. formation of macroscopic thrombi, occurs.
Figure 5 shows that the region where thrombus formation starts has a form of a “tongue”
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Figure 4: Scenario 3, floating fibrin structure formation. Gray-scale map of N, distribution in the
vessel, white areas are the places of fibrin gel formation (,, > Nﬁoz). a-c are successive stages of the
process: a — thrombus nucleation, b — formation of fibre-like fibrin structure, ¢ — thick and friable
floating fibrin structure. Re = 200, s = 0.5, d=0.5, i =9.5.

and that the range of Reynolds number values where it happens is limited both above and
below. For any fi; > ﬁé"”’ two thresholds of hydrodynamic activation of blood coagulation
exist.

For example, if we follow the horizontal line with arrows in figure 5, the first threshold is
at Re = Re: if Re < Rey, the value of wall shear stress is less than y; and primary activator
u doesn’t appear in blood flow; otherwise fibrin clot is formed. The second threshold is
at Re = Re;: if Re > Re,, convective flow washes coagulation substances away, otherwise
thrombus formation starts.

This means that both increasing and decreasing of blood flow intensity may lead to
thrombi formation, depending upon initial conditions.

In figure 5 one can see a vertical line Re = Re,,. This value of Reynolds number corre-
sponds to wall shear stress equal to 9 that means that vessel wall permeability yu = t, (see
eqn. (23)). In other words, it is the intensity of blood flow that leads to the plaque rupture.

Some part of zone “I” is on the right side of Re = Rey, in fig. 5, that means that in spite
of plaque rupture thrombi formation doesn’t occur. This type of system behavior may be
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Figure 5: Parametric diagram of blood coagulation system regimes. This diagram describes the
influence of the vessel wall permeability fi, and blood flow rate Re on thrombi formation threshold.
Grey ribbon between zones “I” and “II” is a region where it is difficult to detect whether the point
belongs to zone “I” or “II”. Parameter values: s = 0.5, d = 0.5.

associated with asymptotic plaque rupture [39, 40].
It was found that in the vicinity of the border between zones “I” and “II”” the following
scaling law is valid for the nucleation time 7* (given constant Re):

(fiy — 15" T*3 = Cy = const, (26)

where [i5" i is specific value of fip, located in the “grey” area (see fig. 5), and Cj is a value
independent on [i,.

It was also shown that in the vicinity of the left border of zone “II”” the following scaling
law is valid (given constant fiy):

(Re —Reyis ) T™ 3=y, = const 27)

where Re,;; is the specific value of Re, located in the “grey” area (see fig. 5), and C; is the
value independent on Reynolds number (Re).

In other words, it appeared that in the vicinity of the liquid state stability border the
clot nucleation time grows up to infinity (see (26)-(27)). This result can be compared with
the results of the theory of first-order transitions, where similar scaling laws connecting the
extent of supersaturation with the nucleation time exist [41, 42].

To investigate the influence of stenosis shape on blood coagulation threshold the (s, Re,d)
parametric plane was scanned (see fig. 6), given the constant fi;. The dimensionless param-
eter d characterizes the width of the atherosclerotic plaque:

d=d/L, (28)
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It appeared that the surface dividing the sub- and superthreshold regimes of blood coagu-
lation system is saddle-like. For a chosen value of i, the section of this surface by the d = 0.4
plane crosses the saddle-point (see fig. 6b). It can be clearly seen that the Reynolds number
range where macroscopic thrombus formation takes place for 0.2 < s < 0.4 1s significantly
wider than for 0.6 < s < 0.8.

4 Discussion

In this work the blood coagulation system hydrodynamical activation conditions and the
characteristic scenarios of the early stages of thrombi formation processes in stenosed vessels
were investigated. Intravascular activation of blood coagulation processes was assumed to
be caused by primary pro-coagulants that infiltrated into the blood flow through the vessel
wall from adjacent tissues.

Clearly, the mathematical description of intravascular blood coagulation processes was
oversimplified in the present work. The model suggested only took into consideration the
biochemical part of the haemostasis system. It was taken into account that the processes of
the hydrodynamical activation of the platelet-based part of the haemostasis system take place
at the values of shear rate far exceeding those analysed in the present work>.

Naturally, the range of thrombi-based emergency situations is far wider. Therefore a
correct evaluation of the platelets’ role is also of considerable interest. Attempts to develop
relevant mathematical models had taken place several times [43-51]. However, for the mo-
ment only a description of platelet aggregation processes in small intensity flows (Re < 1)°
can be considered as more or less successful [47-50].

The main distinctive feature of the model presented and employed in this work (in con-
trast to the ones in earlier works [52—60]) is that it takes into the consideration the dependence
of the vessel wall permeability on the shear stress in intense blood flow. It seems that such
effects have been mathematically described for the first time.

Another important feature of the model suggested is the introduction of the dependence
of kinetic parameters (b, D, ;) on the statistical moments M and M, that characterize the
development of fibrin polymerization processes during blood coagulation. The expressions
used in the work are of an asymptotic nature. They were drawn from the application of
scaling approaches [34] and the technique of composite asymptotic expansions [61] to the
description of the processes of fibrin polymerization in the processes of mass transport.

In this work we neglected the change of blood viscosity during thrombi formation. Proper
assessment of the role of viscoelastic rheological effects [62] in the process of intravascular
thrombi formation is a task for further research work in this field.

Numerical calculations have shown that in the framework of presented boundary con-
ditions the formation of fibre-like structures in the post-stenotic area always precedes the
development of massive voluminous clot formation processes. The fibre-like structures al-
ways started to grow from the reattachment point of the recirculation zone (see fig. 2-4). That
is, the nucleation center of macroscopic thrombus formation is determined by the topologic
properties of the flow.

The obtained results show that the growth of fibrin fibres may lead either to the formation
of localized thrombi (see fig. 2 and 3) or to the formation of friable fibrin polymer structures
flattering in the flow (see fig. 4). Localized thrombi formation normally takes place in less
intense flows than the formation of floating structures. In intense flows, alongside with
the formation of floating structures, the formation and spreading downstream the flow of
multiple fibrin microemboli takes place. It seems that such finely dispersed “dust” may

3In the present work, the inequation 7 < 10° s~! was valid at all times.
®In the so-called Stokes approximation.
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Figure 6: Sections of blood coagulation stability surface by the planes d = const in the (s,Re,d)
space, flp =19. a: d=0.3,b: d =0.4,c: d =0.5.
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cause blood microcirculation disorders in organs situated more distally from the observed
thrombi formation center.

In view of the notions listed above, it becomes clear why friable structures can be ob-
served in the area adjacent to the right border of the “tongue” of blood liquid state stability
loss (see fig. 5).

It is worth mention that the existence of some dependence of the threshold of coagulation
system activation on the form of the plaque seems natural. At the same time, the character
of that dependence obtained in the present work seems contrintuitive. In fact, the performed
numerical calculations have shown (see fig. 6) that the plaques most dangerous with respect
to thrombus formation are not the largest ones. The analysis of this phenomenon has shown
that at high degrees of stenosis (s < 0.3) the effect of convective diminishing of procoagulants
concentration may dominate over the effect of vessel wall permeability increase. The higher
stenosis values (s < 0.1) may cause substantional changes in the flow topology, leading to a
suppression of thrombus formation as well.

According to our calculations, the most thrombogenic plaques should occlude only 20-
40% of the vessel lumen (0.6 < s < 0.8). In the light of the result it seems that the
“worldwide-accepted values” that serve as indications for stenting vessels of patients ex-
posed to atherothrombosis risk should be critically re-assessed [63—65].

The present work was partially supported by ISTC grant #3744.
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